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the Courant limitation on the choice of time step for stability. The
results for the same test case using a QUICKEST scheme are shown
in Fig. 3. Although only one severe test case has been sudied in this
short work, the study is being extended to cover a wide range of spa-
tial resolutions and also to include the effects of a diffusion term.
Finally, recent work by Manson and Wallis7 (DISCUS), Roache8

(FBMMOC), and Leonard et al.9 (NIRVANA) may suggest ways to
achieve unconditionally stable unsteady simulations.
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Introduction

T HE authors recently demonstrated the striking and potentially
useful similarity between the influence of heat addition and

mass addition (injected normal to the flow with the same total
temperature and composition) on constant area compressible duct
flows.1 This was primarily accomplished by means of closed-form,
mathematical solutions for flows involving a single forcing function
(e.g., heat or mass addition), commonly known as simple flows.2

The analyses were primarily based on the classical one-dimensional
model of the steady, frictionless, constant throughflow area flow of
a calorically perfect gas.2 The similarities were also found to ex-
ist when wall friction is present, including the estimated point of
boundary-layer separation in supersonic flow. This article extends
the prior results to incorporate the influence of throughflow area
variation.

Multiple Combined Effects
Versatile though it may be, one-dimensional flow analysis cannot

provide closed-form solutions for arbitrary distributions of several
independent parameters. This applies in particular to the important
case of heat (or mass) addition in a duct of varying throughflow area,
for which the distribution of both is crucial to the outcome [i.e., the
exit conditions depend on more than the total heat (or mass) addi-
tion and throughflow area change]. This case is important because
it is the essence of dual-mode ramjet/scramjet combustor operation,
where choking during ramjet operation results from the cooperation
between the chemical energy release that drives the local Mach num-
ber up to 1 (hence the term thermal choking) and the throughflow
area increase that continues the acceleration beyond Mach I.3'4

A simple numerical procedure was therefore developed to explore
cases and design experiments with arbitrary axial distributions of
heat addition, mass addition, wall friction, and/or throughflow area.
Although the code permits other variations, all of the following dis-
cussions of mass addition refer only to the case of injection normal to
the duct axis of a gas with the same total temperature and composi-
tion as the inlet flow. The algorithm is based on the one-dimensional
unsteady Euler equations, cast in a conservative finite volume form
and solved using a first-order flux-vector splitting scheme.5 The
working fluid was modeled as a calorically perfect gas with a fixed
ratio of specific heats. The duct wall friction force was included in
the control volume momentum balance and was modeled via a local
wall friction factor. For cases with the inlet Mach number M\ > 1,
the exit pressure was set low enough to prevent shock wave forma-
tion within the duct. For cases with M, < 1, the exit pressure was
iteratively adjusted to be compatible with the inlet conditions. The
code was run on a Sun SparcStation with 35 megabytes of memory.
Initial conditions in the duct were arbitrarily set based on M/. A
typical run of 100,000 global time steps over 100 equally spaced
cells took about 15 min. Residual error, quantified as the average
absolute fractional change of the local momenta between successive
time steps, was of the order of 10~7.

Please note that the differences in the manner in which the fluxes
are calculated for supersonic and subsonic cells result in artificial
property discontinuities at the transonic transitions (i.e., the sonic
point and shock waves). The impact of these discontinuities can be
minimized by using a fine grid in such regions, as was done in this
study to achieve derivatives of satisfactory accuracy.

Before moving on to the results of computations, it should be
noted that closed-form analytical solutions again made an important
contribution by providing three useful benchmarks for the develop-
ment of the code. First, numerical analyses reproduced all of the re-
sults described in Ref. 1. Second, generalized one-dimensional flow
analysis furnishes the unique position of the choking or sonic point
should it occur, as well as the corresponding Mach number axial gra-
dients, even for combined effects, through the well-known "special
conditions at the sonic point."2'3 The algebraic results of this analysis
for the typical contemporary dual-mode combustor case of parabolic
heat (or mass) addition and linear area distribution are compiled in
Table 1, where Tt is the total temperature; m is the mass flow; a,
r, and [i are constants of area variation, heat, and mass addition,
respectively; A is the local throughflow area; L is the axial length of
the duct; M is the local Mach number; y is the ratio of specific heats;
£ is the dimensionless axial coordinate x/L; the subscript i desig-
nates the inlet conditions; and the subscript c indicates the choking
or sonic point. The numerical analyses reproduced these results
whenever the flow choked. Third, inspection of the complete one-
dimensional compressible flow differential equations of Ref. 2 re-
veals that adding either heat or mass alone should produce identical
Mach number, static pressure, and total pressure axial distributions
for specified inlet conditions and duct geometry provided only that
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The axial distributions of other flow properties, such as density,
velocity, and static temperature, are not identical but can easily be
found from the Mach number axial distribution and the "useful
integral relations" of Ref. 2. The numerical analyses of the axial
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Table 1 Dimensionless axial position of the sonic point and Mach number axial derivatives at the sonic point for parabolic heat or mass addition and
the linear area distribution AlAi = 1

Heat addition Mass addition

Choking
quantity

2 2a
+ 2y (Y + l l\

( 2a -~r)
l , / / y + i-+ A/ x-
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Fig. 1 Results of numerical computations for the variation of axial
Mach number with dimensionless axial position for the case of combined
mass addition and area variation of Table 1:7 = 1.35, a = 0.25, and
M = 0.50.

distributions of Mach number, static pressure, and total pressure
caused by either heat or mass addition subject to the condition of
Eq. (1) could not be distinguished from one another.

Numerical Results
Figure 1 shows the numerically determined axial distribution

of Mach number for the case of combined mass addition and
throughflow area variation of Table 1 with y = 1.35, a = 0.25,
and [i = 0.50. These results clearly exhibit the classical saddle-
point behavior of convergent-divergent nozzles despite the fact that
the duct is only divergent. For inlet Mach numbers less than 0.584,
provided the exit static pressure is compatible, the flow is every-
where subsonic, and the maximum Mach number occurs within the
duct. For inlet Mach numbers greater than 2.325, provided the exit
static pressure is set sufficiently low, the flow is everywhere super-
sonic, and the minimum Mach number occurs within the duct. For
a subsonic inlet Mach number of 0.584 and a sufficiently low exit
static pressure, the flow chokes within a fraction of a percent of the
dimensionless axial location £ = 0.780 given by the equations of
Table 1 and is supersonic afterwards. For a supersonic inlet Mach
number of 2.325 the flow becomes sonic at the same location. No
shock-free solution exists between 0.584 < M,- < 2.325. The Mach
number axial derivatives at the choking or sonic point are within a
fraction of a percent of the values +0.670 and —0.811 given by the
equations of Table 1.

0.40 0.60
Axial Location (£)

Fig. 2 Results of numerical computations for the case of combined
mass addition, area variation, and wall friction: 7 = 1.35, a. = 0.25, and
H = 0.50. The case of zero wall friction also appears in Fig. 1.

Finally, Fig. 2 presents results for combined mass addition,
throughflow area variation, and wall friction. They correspond
to several of the previous cases altered by selecting local skin-
friction coefficients of 0 < / < 0.005 and L/D{ — 5 to achieve
0 < 4fL/Dj < 0.10, where D, is the inlet hydraulic diameter
of the duct.1'2 Reviewing this information leads to the encouraging
conclusion that the presence of ordinary amounts of wall friction
should not obscure the dual-mode operation phenomena of interest.

Conclusions
This study extends the examination of the similarity between the

influence of heat addition and mass addition on compressible duct
flows of Ref. 1. It has provided some new and interesting analyt-
ical results and a reliable computer code useful for evaluating the
influence of combined effects. The results continue to encourage
the belief that relatively modest laboratory experiments employing
mass addition can be devised that will reproduce the leading phe-
nomena of heat addition in ducts and particularly of the behavior of
dual-mode ramjet/scramjet combustors.
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I. Introduction

W HEN solving the compressible two-phase equations, the gas
as a continuum is best represented by an Eulerian description,

i.e., the gas characteristics are calculated at fixed points within the
flow. The particles (or droplets), however, may be modeled by either
an Eulerian description (in the same manner as the gas flow), or a
Lagrangian description (where individual particle groups are moni-
tored and tracked in the flow). Herein, the former will be referred to
as an Eulerian-Eulerian (E-E) treatment, whereas the latter will be
defined as an Eulerian-Lagrangian (E-L) treatment. Recently, Sivier
et al.1 developed an E-E method using an unstructured grid finite
element method-flux corrected transport (FEM-FCT) flow solver
in order to examine shock wave attenuation in dusty shock flows.
FEM-FCT was designed to be able to capture flow features with
large gradients, such as those that occur in density near shocks.
Whereas a Lagrangian approach offers many potential advantages,
this method also creates potential problems that should be addressed
by the model. For instance, large numbers of particles may cause a
Lagrangian analysis to be memory intensive (this may be partially
offset by using parcels, each of which represents a number of par-
ticles in the flow). In addition, continuous mapping and remapping
of particles to their respective elements may increase computational
requirements, particularly for unstructured grids.

Both E-E and E-L descriptions have been used widely on struc-
tured grids,2'3 but this research seeks a comparative study between
these two approaches when coupled with a dynamically adaptive
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unstructured finite element method with a novel parcel adaptive
technique. The objective of the present study was to formulate and
develop an E-L method with an adaptive grid FEM-FCT flow solver
that is computationally efficient. This method was used to predict
a particle laden shock wave attenuation as a test case and to com-
pare performance characteristics (computation speed, memory, and
accuracy) with an E-E implementation1 that also includes adaptive
unstructured grids.

II. Numerical Method
One particular two-phase flow that includes two-way coupling

of interphase momentum transport and compressible flow effects
is dusty shock attenuation, which is typically modeled with E-E
formulations.1'4'5 In such a flow, the particle densities are typically
two to three orders of magnitude higher than that of the carrier gas,
such that particle mass loadings of order unity yield significant mod-
ification of the gas flow behavior but with corresponding negligible
volume loadings (e.g., less than 1%), such that particle-particle
interactions and volume displacement effects can be typically elim-
inated. We will herein restrict ourselves to such flow conditions. The
gas equations used in the current study are the Euler equations with
non-homogenous source terms added to represent the interphase
momentum and energy transfer.1'4'5

Dynamic unstructured grid adaption was employed to optimize
the distribution of nodal points by continually refining areas with
high gradients of gas density and coarsening areas of low gradients
of gas density, where the maximum level of refinement (LOR) is
preset. Since we are interested in computing dilute particle flows
of negligible volume fraction (but significant mass fraction) with
particle diameters on the order of several microns, the present tech-
nique assumes particle effects on gas pressures and particle-particle
interactions are negligible, and particles are spherical and inert. In
addition, since the flow is nonreacting and the particles are relatively
small, radiation and gravitational effects are neglected.

The Lagrangian particle description was implemented by tracking
individual groups of particles, referred to as parcels.6'7 The previous
timestep's gas characteristics for a host element (the element that
contains a given parcel) are linearly interpolated to each parcel coor-
dinate to determine the momentum and energy interphase coupling
terms £>/ and Q as follows5 :

Ui - upi\(ui - upi)d2

8 Ae

where the shape function for parcel p associated with the node k is
0)k, the number of particles in parcel p is Np, the area of the host
element is Ae, the Nusselt number is Nu and the thermal conduc-
tivity of the gas is /:, where u,T,d,up, and Tp are the gas velocity
and temperature, the particle diameter, velocity, and temperature,
respectively, and the subscript i indicates the direction of the ve-
locity in a Cartesian coordinate system and where a conventional
CD formulation given by Clift et al.8 (as opposed to an unsteady
formulation) was shown to yield robust predictive performance for
dusty shock attenuation.! The parcel shape functions are then used to
scatter each parcel's contributions to the host element's nodes; thus,
parcel coupling terms within the elements connected to any node are
summed in a linear weighting fashion to that node. Further details on
the formulation can be found in Sivier et al.9 The Lagrangian parcel
equations7'I() are then solved with an explicit single-step finite differ-
ence formulation for each parcel to update the parcel unknowns. The
Lagrangian description involved continuously determining the host
element once a parcel had moved or when the unstructured mesh
was refined/coarsened. The use of a vectorized successive neighbor
search11 was found to provide an elegant and efficient solution to
this problem.

A novel technique was used to make the parcels adapt to the dy-
namic element distribution by sensing the local parcel population.
To locally determine if a refinement or a coarsening of parcels is
to be performed, the number of parcels in each element is noted
following each mesh refinement. If there are fewer than some preset


